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CHAPTER 1 


CALCULUS OF VARIATION 


The calculus or variations has its origin in the generalization of the lementary 
theory of maxima and minima of function of a single or more variables. Its 
object is to find extrema or stationary values of functionals. By a functional 
we mean a quantity whose values are determined by one or several functions. 

The aim of calculus of variations is to explore 
maximum or minimum of a functional defined over a class 

Variation of a Functional 

Let F = F(x,y,y r ) be a functional, which is b 
(independent & suppose to be fixed). 

Let y = y(x) is changed into y + erj(x) 

Where e is small parameter and q(x) is an arbitrary function of*. Then 

y->y+ei l'(jc). \ 

. . 

F = F[x,y+ er|, y'+ e r]') and so the chan^ein y is 
AF = F(x,y + £\], y' + erf)-F(x,yJ'^^\^ ...( 1 ) 

By Taylor’s series expansion 

f 3 3 ^ \ f 3 3 ^ 

F(x,y+ei\,y+et\') = F(x,y,y)+ er\— .+eti’— F+- ep—+eq'— F 

{ dy dy) 2\ dy dy) 


+ higher terms of e ... (2) 


By (1) & (2), we get 


8F ,3F) e 2 ( 2 Q 2 F 


dy dy') 2! I dy 


AF= si— +6n '— +- n .., • ' n 


d 2 F l2 d 2 F '] . 2 n 

rrr +T l —5- + °( £ ) 


dydy' dy' 2 


The linear part in (3) is called first variation in F (or simply variations) and 

the term of e ,e--— are called the second, third, variation etc. So 

the first variation is denoted by 


dF dF , 

8 F - —sr| +—er| 
dy dy' 


y is changed into y + erj, so the variation in y is 5y = er| and similarly 
8 y 1 = eq'. 

Now, we get 

^ dF dF , 

dy dy 
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We know that for a function: 
F = F(x,y,y') 

Jn dF , dF , dF , , 

dF = — dx-\ - dy +—dy 

dx dy dy' 

Since x is fixed dx = 0 


Tut y<mr Own Motes 


dF . dF 
dF -—dy + —dy 
dy dy' 

Note: The operations 5 and — are commutative. 

dx 

We have 


y->y+sri' 


WN 


5y = er| 

8/ = an' 

dy . 

Then the variation in —, is 
dx 

si>l=3. 

K dx) dx 

d d /^_n rfT i_ K r d y 


\ x \ ‘ 


\ \ \ 




d B s d 
=> —8 = 8—. 
rfx Jx 

The Simplest Variational Problem 

To determine a function y(x), which makes the integral (functional) 

/ = J X2 F(x, ...(1) 

stationary (to have prescribed boundary conditions. 

T(*l) = Tl> >(* 2 ) =T2 

is known as the “simplest variational problem”. 

Let y = y(x) be our actual function which makes (1) stationary and satisfies 
conditions (2). 

Let n( x ) be an arbitrary function of x (vanishing at and x 2 ) i.e. 

T l(xi) = T i(x2)=0 

Then y +er| will also make (1) to be stationary & satisfy the (2). 

Let y' + sp' be the change of y then our function (1) becomes 

I(z)=\ X2 F^y + e^y'+vcfidx ...(3) 

JXl 


-(3) n® 
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' -Calculusof,vSnatiQnl^ffis|5|1Sl|®«’;l 


We say that /(e) is same as/, when e=0 


For (1) to be stationary, it is enough to find that (2) is stationary at <£■ = (). 

We know that ——- = 0 , F - F(x, y, y') 
ds 

Let us put F e = F E ( x, y + £t|, y' + er|') 

Then F E -» F as e ->0 
So (3) can be written as 


Sutyour 

v " ':’ F ;I 


«ny** 


V ' j b~ -V. \ 

\ 

Since the limits in (3) and (4) are independent ofe, we g&tX-. 

V V \ 


...(4) 


FG^pF^ 

de * x \ de 

\ •' 

Since F e =F e (x,y + eTi,/ + eTi') 

dF F GF , 8 F f 
—- = ri—- + ri —- 
de dy dy' 


. dl{e) rx 2 GF t dF . x 

0 = —r~- = I h^+Jl TT dx ( fe y5> 

de Jx i I dy dy ■■ 


V v \V 

^ ' 
t -S X, 

\ 

\ \\ 


For /(e) to be stationary 

rx 2 \ dF e dF 1 

ri—- + ri— - dx -0 
[_ dy dy' 

Hence I in (1) is stationary if 


cxn dF '' dF 

\ r| — + r]'—- dx = 0 Since F S ->F as e— >0 

*Xi rl\> d\>* 


V 


x i l dy dy' 


rx 2 GF m ,dF 

ri— dx+ ri— dx-0 

h\ Qy Jx\ dy' 




frt WS ', . 


rx 2 GF 8F ~ rx 2 a op , , , 

k ~k sM nW 

(n(*i)=fi(*2)=°) 


rx 2 d i dF 


J 4 [dy di\ay-}\ ‘ 


If (6) holds for all w(x) 

We must have 

y = y(x) satisfying——— — =0 (Euler’sEquation) 

dy dxidy'J 


...( 6 ) 



— 


V:/-®. • 

:.rp. .jit-S'c -* - ■? ■>*?$', 4a 

a,•' -iS.yr> • 



mmmmm 
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Note: Depending on the boundary condition, the solution of ODE can be 

unique, infinite or no solution. Hence extremal of the functional can be tyout Own Notes 
unique infinite or no extremal. 


71 

Example: /[j>(x)] = - y' 2 ^dx y(0) = 0, y(rc) = 0 


Solution: F ( x,y,y ') = y 1 - y 2 
dF i 

* ~= 2 y 

dy 


\ 

s s'-'K..,' N. - 


\ ' 


...( 2 ) 


V N 


— - -2 ' 

y C\N 

Using Euler’s Method, we have v 

f-|(- 2 y)=o 

2y+ 2y "=0 , 

\ \ \" 

The auxiliary' equation \ v > \ 

Z' + V-O 

.’.jy = C,cosx + C 2 sinx \ S>~ •••(2) 

At jy (0) = 0, jy (n) = 0 V~\ \ 

\ \ 

jy(0) = C,+C 2 x0 = 0 " v ''— 

C, =0 

>'(x) = C2sinx 

Hence the required solution is infinite extremal 

Note: Assuming F is three times differentiable and _y(x) is twice 
differentiable and its called admissible function (Admit same condition). 

1.3. Other Forms of Euler’s Equation 

(a) We have F - F(x,y,y') 

If ^7 = g( x ,y,/j 
Sy 

Then —[= + 

dxydy') dx dx dy dx dy' dx 

dfdF) dfdF) , dfdF) „ d 2 F d 2 F , d 2 F „ 

9x1 dy') 9yl9y'J dy\dy') dxdy' dydy' dy' 2 


dy'^dy'J dxdy' dydy' dy'' 


Putting this in (A) 


d 2 F „ d 2 F , d 2 F dF A 
dy' 2 dydy' dxdy' dy 
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y = cj\ + y' 2 

y 2 =c 2 (l + y’ 2 )=>l +y' 2 


2 2 

a y ~ c 

=> y 

c 


l-c 1 + y 2 


\~n~^ dy= \‘ 

iy -c 


cos h ' — = — + k 


=> — = cosh — + k 
c \ c 


y-c cosh — + k 

\ c 


m 

Calculus of Sanation® 

. ' •• 




I 

'i h ’I 


\, \A 


Hence the required curve is Catenary. 


x^ 1 

Problem: Find the extremals of the foUqvving',iun.ctional 

(i) f* 2 — l + x 2 — dx (Hints: Solution^of Euler’s equation are called 

fir rlr " 


'• J *i dx{ dx) 1 | 

extremals) § 

(ii) \ X[ y\x + y r )dx j 

Jjc D J 

(iii) J 1 -P 2+ ^~^ - 2ysinx dx 3 

.A 

1.9. Brachistochron Problem §, 

Brochistos = shortest gf 

Chrones = time fj 

Problem: Find the path on which a particle in the absence of friction will % 
slides from one point to another point in the shortest time, under the action of 
gravity. | 

Solution: For our convenience, we take x - axis as downward and y-axis as 
horizontal to the right hand side and the origin as the starting point. 

Let Q ( x 2 , ^ 2 ) be the terminating point. i| 

Let m be the mass of the particle and v be its velocity at point p(x,y) gf 
.Then by the principle of conservation of energy ?! 

jtkv 2 = mgh 
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1 = \fegh 


?|2Pi ft your Own Motes. 


, v 1+ / , 

dt - v ^— dx 

4 2 S x 


x 2 vl + y 




For this to be minimum, the Euler’s equation is 


dy dxydy 


Where F - 


3F = 


yfcjl+y' 


0 —— - £ - =0 


fxJl + y' 


\ v \ 

s 


% 

, V 


VS 


=> y' 2 =c 2 x(l + y' 2 ) 
=> y' 2 -c 2 xy' 2 =c 2 x 
=> y' 2 {l~c 2 x) = c 2 x 


h - c 2 x 


' Jo VEa 

1 9 

Put jc = —^suS0 

c l 


• ••(2) 


IfllltSIt? 




dh = 2-^-sin0 cos0£?0 
c 2 


From (2) 

(-0 csin0 2 

y= -.-x- sin 0cos 0a0 

J 0 CCOS0 c 2 


V % S X".'~ W ,v:; A ;r 

m0Mm. 

i 

- s 

ns Big : 

■I I 


= "tO 1_cos20 ) J0 
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1 L sin20 

: 0-— 

c 2 


/ri \ 0 sin20 

y = y(e) =7-lS 


y = y(0) =—j [20—sin29] 


s. to x = x(0) =—^[l-cos 20] 


...(4) 


put —r- = a , 2 0 = (j) 


Then (3) and (4) become 


s> \ \ 
w •> 


x = x(cp) = a{ 1 - cos (p) 

T = y(9) = a ( ( P-sin(f>) 


Cycloid. s 


Problem: On what curves can function 


1 (dy 
3 \dx 


12 xy dx with y(0) = 0 & beextremized? 


Sol: F = y* + 12xy , ^ = 12i, f-^y^ 


Euler’s equation 


dF d dF 


dy dx l dy 


12--(V) = 0 

=> — (2y') = 12x 
dx 


o ' l2x \ 

2 y =- + c 

2 


y' = 3x 2 + q , q = - 


msgssM 


y-x + qx + c 2 
y(0) = C 2 =0 
y(l) = l + q+c 2 = l 


■* .'a 

‘ SI 


' . _ I ^ ’ . 

gup ‘‘ 
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Exercise: Find the curve for which the following function be extremum. 


(a) J -y' 2 -2ysin;cj//;t 


(b) Jj ^(2) = 4 


(d) p(y' z +2yy'-[6y 2 )dx. 


(e) P^-dx 

JXq y 

(f) F = y 2 -y' 2 - 2ysiax 


your. Ovm, Mites 




v\X 


1.10. Variation Problem Becomes Meaniiigless ,^' N - 

l = \ X2 F(x,y,y')dx 


y-y{x), y(x]) = yi, y(x 2 ) = y 2 , then the'variational problem becomes 
meaningless. . 

(i) If we get the identity 0=0 % ’ 0 if 1 

(ii) y(x), but if does not satisfy the giyen'"eo.ndition 

(iii) If the integrand 

F-F(x,y,y') =M(x,y) + N(x,y)y'. ...(*) 

T ,. . _ | y . . , , dM dN 

In this case the Euler s equation is reduced to-= — J " * : 

dy dx 

aX/XTU M '■ 




dy dxydy'J 
By (*), we get 


dF _ dM ,dN 
dy dy ^ dy 

dM ,dN d 

So (^)=> — -+/ ——W(x,y) = 0 
dy dx 


ilx 


f 4§ US i \ 

' - hi it 


I X < - 

SSf8S@S&s-(it®2 


dM ,dN dN ,dN 


Vir* ^ I v/i » f « q V*-t 1 V/X » ^ VI I 


ay 9x <?y 

aM aw A 

=> -= 0 

dy dx 


dN dN dN dy 


dx dx dy dx 


In this case F(x,y,y') becomes exact <?(/(*,y)) 
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I = £d(f(x,yj) = <i 

We conclude that / depends only upon the end points and not on the path of 
integration .Therefore, finding the curve y = y(x) , which extremize the 
function I , is meaningless. So the variation problem becomes meaningless. 

Example: I = ^y 2 + 2xy y'^dx, y (*„) = y 0 ,y (*i) = y\ 

F = y 2 + 2 xyy' 

By Euler’s equation, we get 0=0 

F = y 2 + 2xyy' = M(x,y) + N(x,y)y' 

8M dN _ Q 
dy dx 

2y — 2y V" 

=> variation problem becomes meaning . 

I= \ Xx { y2 + 2xy y') dx = T' d{ycy1 ^ = 

J *0 V / Jxn 


piif: your Own Mates 


= x\y\~wl 

V ■’*"*, 

■ \ 'X- a % 

The integral is independent of the path so we'cannot extremize. 
Example: Test for on extremum for the functional 

i=\l(xy+y 1 -' 2 -y 1 y') d * 
y(o)=l y( 0=2 

F = xy + y 2 -2y 2 y’ 

dF ~ . , dF 2 

— = x + 2y~4yy, —; = -2 y 
dy dy 

From (A) 

x + 2y - 4y y' + -^2y 2 j = 0 
x + 2y-4yy’ + 4yy' = 0 =>x=-2y. 


x(0)=-1 = 0 y(l) = -i 


X 

In this case curve function y = - — does not satisfies the given conditions, so 
the variational problem becomes meaningless. 
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Exercise: 

(i) Test for the extremum of the functional 



Tuty&xr Own Mates 




7 ( 0 ) = 0, y(n/ 2) = 1 

(ii) Extremize the following functionals. 


(a) I=j X2 ^^-dx, y(x x ) = y x &^(x 2 )-y 2 

•*1 y 
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:u!ui;p(iVaViationl 


General Case: If / = ^ 2 F^x,y,y',y" - 

Given y{x l ) = y l , y(x 2 ) = y 2 

y'{^)=y[>y{^)^y'i 

y { ’ ) (*i)=yl n) . /‘Hxih/y 


Equation analogous to equation (6), will be 


dF^__d_(dF] d 2 dF 
dy dx{dy' J dx 2 [dy" 


- + (-l)“ — —1 = 0 ...(7) 

dx n \dy n 


This equation is know as the Euler’s Poisson equation \ 
Exercise: W 

(i) Find the extremals for the following \ \\ 


(a) I = f 2 (2 xy + y m )dx 

J *i 

(b) / = J*(l + /' 2 )^ 


V\ \ 

\ v \ 
vV\ ' 
\\\ \ N 


V x -\ 


•p(o) = o, /(o)=i, >-(!)=!, y(i)\i ^ 


(c) I = \%(y” 2 -y 2 + x 2 )dx ^V~' 
e( 0) — 1) y(0) = 0, y(n/2) = O^'fyr/ 2) = -1 

(d) I = ^[\6y 2 -y" 2 +x 2 ^dx 

(e) Find the curve joining points (0, 0)&(I, 0) for which the integral 

rl j 

J q y" dx is a minimum 
/( °)=a, y{\)=b 

1.12. Variation Problem Involving Several Unknown Functions 

I = \ F{x,y x ,y 2 }-y n ,y\,— — y' n )dx ...(1) 

prescribed where the functions y lf y 2 ,—, y n satisfy the conditions 

Vl(^) = Vii,V2(^i) = V21.. >yn( x O = yn 1 1 (2) 

Vl(^2) = Vl2 J V2(^2) = V22-""-->V«(^2) = >'n2j 
We have to fmd the functions 


...( 2 ) 


y\{x),y 2 {x), .,y„(x) Which makes (I) stationary and satisfy the 

condition (2) 

Let rji(x), ^(x),-,r|„(x) be arbitrary function vanishing at X] & x 2 - * ; 

then for some parameter e,- (i = 1,.= ») , y t + e,- q,- will satisfy ;7i :V , 

condition and denote ‘ 
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1.13. Parametric Form of the Variational Problem 

Let .v(?) and v(t)be the parametric equation of curve 
Consider 

I = pF(x,y,y')dx (1) 

Where y = = 

dx dx/dt x 

So (1) becomes 


I = \F x,y,^\xdt 


...( 2 ) 


Put g(x,y,x,y) = F\x,y£jx 
Then (2) becomes 
I = \‘ 2 g{x,y,x,y)dt 




V\ 

*v\> ^ 

\ \\ 


Therefore the required Euler’s equations wilLbe.. 

fc_i[VL o and^-^f-&]=\rX 


dx dtydx) dy dtydy ) k 

Example: Find the extremum of 




A = ] t *{xy-xy) dt 


g-xy-xy 


= q ^ = y & = - 


dx dt\dx) dx dx dy 

By Euler’s equation 

y-j t i-y) =0 

=> y-y(t)=A&x=x(t) = B 

1.14. Isoperimetric Problems 

Suppose we have to extremize the functional 

I = \ X *F{x,y,y')dx 

With the prescribed conditions 

y( x \) = yb y( x 2) = y2 an£ i with some constraint(s) 

j Xl G(x,y,y')dx = k (Constant) 


...( 2 ) 


A: is a prescribed constant, such problems in v. p. are known as the 
Isoperimetric problems. 


Mi 


■ .-■■:■! kd<4 4 • • *£ •;; r.yV ip* 
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We have to find analogous of Euler’s equations for I to extremum under (2) 

p m @ili£ 

& (j; • fS9$£ 


We choose arbitrary differentiable function f{x) & g(x) with 

/(■*!) = s(*i) = f{ x l) = g(* 2 ) = 0 


..(4) 


Then for all value of parameters e and a, the function y+e/(r) + ag(r) 
will satisfy (2) 

Assume that a depends upon e. 

Therefore a = 0 if 8 = 0 replace y by Tic 


y + ef(x)+ag(x) in (1) \ 

I(e) = I(£,a) = \ X2 F(x,y + ef + ag,y'+ef'+eg') s 

Jx i y\>^ 

/(6) = / if 8 = 0 

/ is extremum whenever /(e, a) is extreme htT=D^i^T" 


j X2 -j -F(x,y + ef + ag,v'+s/'+ag , )^sp 1 




x i dy 


r x 2 dF i aa ] i , ct i „ aa 

L 77 f'** 77 . * + 77 


rfa'l JF 




c£t = 0 




rx 2 ^ SFM 

Jx ‘ LrfeJo 


etc = 0 


c/a Y _ -U ay etc v ay' y 

^Jo r* 2 "—f—T dx 

•U cY dx ,dy' ** 


-C5K 


-( 8 ) 


Now replacing y by y+e/+ag in (3)we get 
^ G(x,y + Ef + ag,y'+ef'+ag')dx = k 

Let j(e,a) = \ Xl G(x,y + ef + ag,y+ef+ ag) 

Jx i 

Differentiating J partially w. r. to e and put e=0, we have 


—) =K 

5e A=o Jx i 
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Jx, Phi j Phi' J Jx, Jr Phi' r 


dx{ dy 



dJ] - f 

Pc J' 


xj 8G d dG 


Similarly — 

vdaj a= 

Since J(e , a )-k 


—- — _ fdx 
x > dy dx l dy' J 


oj rx 2 dG d dG 

5 a Ja =0 _Qy 


-( 11 ) 

...( 12 ) 


dJ ^dJ_ da _ 
de da de 


. V~~ 


6=0 K 


■■■ (13)’ 


While 


a/) 

3aJ e=0 


By putting (11), (12), in (13), we get 

c^T—f—Y] fdx 

f An \ Pi i sIy Pi/ ' 


VN 


' da\ Jx i[dy dxydy'jj ' 
^eJ E=0 _ r* 2 & 

•U dy d!x ^ dy 1 ' ^ 

Now equation (8) & (14) 


...(14) 


r*2 dF d (dF^ rx 2 dG 

J.Xi Pi; //r t Pi;’ Pi; 


' x \ dy dx\^dy') 
tx 2 dF d f dF 

L r-xb * dx 


d dG 


ix \ \_dy dx\ K dy')\ 

•x 2 \dF dCdF' |1., 
x \ dy dx^dy') 

f , 2 ac /& 

J *i [dy titl^dy’JJ 
dy K 1 dx\dy' 


•*1 dy dx^dy' 
■x 2 dG_±fdG 
x i dy dx[dy' 


cx 2 dF d dF] , 

L % dx 


J *i dy dxydy') 

rx 2 dG_d_( 5gY ^ 
J Xi Phi — dr Phi' 


J *i[dy dxydy')^ —dxydy 


= -A, (say) 


r —(F±XG 

•U [_ay v 

Put H = F±XG 
(15) reduces to 


, 2 

r. At, A~ At.t J 


-(15) 




J *i [ dy dx\^dy 

dH d (dH ) _ 
dy dx ^dy’ 


8SI(l|f 


•'>> 

gaSSill 

'i'/T f.' r : 

m$0mm 


$QsIBWbM 

ismvmH&sw- 





{: WS Spp9|pSf|f| 

iNBaM 

■v,.; / 

w -- -2' - , 

-• y •' x> 

■Nl*: 

Wmm* 
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r'” 


Example: Find the simple closed curve of a given parameter which encloses 




a maximum area. 


(Dido’s Problem) 




Solution: Let / be the given length of the curve in the plane between two 
abscisssa 

a8cb , then 

l = f 6 -\/l + jv' 2 dx. 

Ja 

If A is the area between x = a,b and x - axis. 


rb , 

1 = I ydx 

J a 


Put H -F + A ,G 




...( 2 ) 


H=y + l^l + y' 2 

dH d CdH') 
dy dx dy ' J 


\\ \ 


\ \\ 


1 -^ = 0 


dx {Jl + y' 2 


\ V 

: v 


d A ,y' 




\ 




= x + c 


A/ = (x + c) xjl + y 


A, 2 -(x + c) 2 y 2 =(x + c) 2 


xlx 2 -(x+c) 2 
Put A. 2 ~(x+c ) 2 = 

-2[x+c)dx = dt 

_ „ -1 f .- 1/2 j . . 1/2 

=> ^ = = , 

=> y 2 =t => J 2 = A. 2 -(x + c) 

=> (x+c) 2 + J 2 =A. 2 
The curve is a circle 


K-V 
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pX') 

Remark: / = " F(x, v, y ')dx 

JjCl 


r x 2 

J ~ I G(x,y,y')dx = constant 
“ x \ 

®L-£l&L\ = 0; h=f+xg 

dy dxydy') 

The problem of Extremizing I , when J - constant (given) coincide with the 
problem of extremizing J under the constraint I = constant such problems 
are known as reciprocal problems. 

In general: If 

/ = J * 2 F(x,y u - y n ,y { '- ,y n ')dx 

Subject to the conditions ( 

yi(x\) = ai,yi(x 2 ) = bi, i = l,2,.. andtheconstimw^ 

— y n >yi' - 

' ^ 

j = 1 - k<n 

\ \ 

Then the Euler’s equation will be 

i_o 


H = F + Y j XjG j ' k = 1, 2. ,,n 

M 

1.15. Variation Problems Involving More Independent Variables 

Let us consider the double integral I = II F(x,y,u,u x ,u y )dxdy ...(1) 

r/ 

taken over the region R in the xy - plane 

We have to find function u(x,y), which makes (1) to be stationary under 
the prescribed condition on the curve C. 

Let w(x,y) be such a function, u take an arbitrary differentiable function 
r] =r](jc,y) such that rj(jc,y) = 0 on C. (So that for any parameter s , the 
function « + er| will take the same prescribed condition on C ). Replacing u 
by w+er| in (1), we get 


I ( e ) = H F A4y 

R 

Where F t = F(x,y,u + er\,u x +£T\ x ,u y +£ 11 ,) 
F = F[x, y,u,u x ,Uy} 
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Then l(s) = l,F E =F at e = 0 

Therefore / is stationary iff /(e) is stationary when e = 0 


For (I) to be stationary, we have-= 0 we see that the integral in (2) 

de 

independent of z . 


So f ^dx.dy 

Wc J J //p 


dz J ds 

K 


By (3) 


F e = F(x, y, u + Er\, u x + zr\ x ,u y + z\\ y ) 


dF e dF e 5F e dF. 

Then —- =—-ri +—-n r +— s -ri v 
de du du x du y y 


\\ V 


v . v - 


5F, 5F e ' 1 , \ X 

= C \N' 


Now J | r\ x dxdy 


•* \ dUr dx 


V "x- 

\ V- 

\ V 


\ *V 


_. 

x 


V ’ 


= f \^,y) rw)i£l M)(fc u 

Jv=0 Pl„ lv Jx.tvt Pbr rhi IV * 


-V=° l du 


*2 O') 9 f SF 


x \ 60 Sx 5 m 


r r d 9F e 

= -||t- T -6 " *1 dxdy 

J i dx du r 


Similarly, 


i 8 "* 


Putting in (6) we get 


rj 

* 5m 5x(5m x J ^(SmJ 


5F, d 5F e 5 5 F f 

=> —---=0 

5m Sx(5m x I 5yl5M v ) 


■ n 9F 5 f 5F ] 5 SF n , ^ , . 

at e = 0 => -- — -- = 0 (ostrogradaskey equation) 

5m 5x(5m x J 5 v(5m^J 
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J ‘ x l ,?> -' ; 

I : 

I ■■ "' 7 ;i - ; 

l<98gaii|i|$§S# 


Calculus 


Example: Write the ostrogradaskey equation for the functional 

(a) /[z(x,j/)] = JJ f~l +fj-l dxdy 

n D \dx) {dy) 


(?) \ 2 (?) "i 2 

(b) l\_z{x,y)\ = JJ j^—J + +2 zf(x,y) dxdy 


XfVfwrUlii 


(c) /[*(*,jO]=JJ 


dz') 2 ( dz) 2 


dx J l dy 


1.16. Variational Problems with Moving Boundaries \ \ 

V''-, 

We have three different cases. >, _ X^x.,.. '"x i 

. \>0 \ 

Case I: Suppose that the end points (x 0 ,y 0 ) and (xi'lTf).are moving on two 

vertical lines x = x 0 and x = xj respectively. 

V \ \ \ -N 

We have for a functional — N \ s 

\ V, 

j = C F(x ’ y,},n>dX X. \--- ” 

J Xf\ v *v_ X 


The general variation in J 


\ 'n / 

V s ~ 

\ —- XSx 

V \ ^W- 

\ \ 


\-*y' 

J *° dy dx{dy') { ty 

Xn._ *° 

Since the basic condition for an extremum of /with fixed end points is 


dF d dF 


...( 2 ) 


dy dx{dy 


The condition 8 / = 0, by (1) 


dF) 1 dF 1 
F-y'— bx + —by =0 
dy' dy' r 

y J *o L Jx o 


Now, 8x 0 - 0, 8xj - 0 

(.-. The end points moves along the vertical line) 
So (3) reduces to 


^8 y =0 

dy 

L X Jx 0 

Since 8y -h{x), (4) becomes 

( dF' ( dF) 

— h(x i)- fl A(xo) = 0 

^ ) xx VQy Jxo 

(5) must be true for all h(x ),where h(x) is arbitrary, therefore we get 
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...(4) 












5FI n f dF) 

— =0 & — =0 
dv'J {dy'J 

' J X=X\ v s /X=XQ 


...( 6 ) 1 


Therefore in this case J to be extremum, we have to find the solution of the 
Euler equation and the two constant in the solution of Euler equation: 314; 
obtained by using contains (6) 

(6) are called natural boundary conditions §§£ 

Case II: Let (x 0 ,y 0 ) be fixed and (x^yj) move along a vertical line 
X = x r |§p 

Thus we obtain as in Case-I, the Euler equation must B'e"s^tisfied, and the ||| 

f df') X> dF 

condition 87= 0 becomes . F-V —- ISx + -4~8y x ^= 0 Wi 


condition 8/ = 0 becomes F-V — 8x + -H-Sy \ 

LI v) J, L^> 


Since Sx 0 = 0 = 8jq, also (8y)^ =y0_. 


\ 


'\\X 


Then we get 


—8y = 0 this holds for all 8 y \ 

By' \ 

■ * J *=*i X:- 


So we get 


£ =0 
fy'Jx-x, 


■ X- 

\x^ 


In this case the two constants can be obtained by 
(i) When x = x 0 , y = y 0 (one end is fixed) 


Us&X I® *- ■ 




I - y> ' 


WU* / mmm 

■ Safer ?' •- 

Case III: Suppose that (x 0 ,y 0 ) is fixed and (x^yj is moving along certain | 

As before, we have.the basic conditions 

8L-±(*L)- 0 jHgBBii 

The condition 8 J = 0, gives 

Since (xfoyo) is fixed, we have 
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We have 




F-y'— ]&t + ^5 y =0 

dy'J fy 

+fe/'(x)5yl =o 

fy) ... & _L. 


Since y - /(x) 
=> 5y = f'(x) 5x 


) ijpjft'your Own. Metes 


\ \ \ 

NsL ...(*) 


^+ {/'(*)-/}— 5^=0 

_ r=r. 


Since 8 x, varies arbitrary, we get \ \' v '\ 

, ■§ 

dF \ ** v Ss *%v N — 

From (*) F+ (/'-/)—- = 0 Transversality, condition, one of the f|| 

^ . |f 

constants in the solution of Euler’s equation can.be obtained by the condition 

t(*o) = Fo- j| 

\ \ V . 

The other constant is obtained by eliminating Xi between the equation J§g 
y = f (x) and (*). t ^ jj 

And similarly, if (x () ,y 0 ) is moving v alohg g£ -\|/(x) , we can find the 
transversality condition T| 

I 

v °y Jj 

Which must be satisfied by the point (x 0 > To) • 8f 

w y 

Example: Find the curve on which on extremum of the functional -;|fi 


I = \^[y 2 -y a )dx 



y(o)=o 

can be achieved if the second boundary points is permitted to move along the 

straight line x = —. 

4 

Solution: F -y 1 -y' 1 
Euler equation is 

aF__rf_faF '| =0 

dy. dx K dy') 

2,-f(-2/) = ° 

f+r- o. 
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ymsr Own Spates 

Can be achieved if the second boundary ference of the circle 
(x- 9) 2 + y 2 =9 

1.17. Calculus of the Variation (Problems) 

Find the extremals for the following 

(i) l=/' I (2 xy + y" 2 jdx 

( ii) /=|‘(i+/ 2 )ix, y(o)=o, y(o)=i, y(i)=i, y(i)=i. 

'"X \ ' C •' • y ' ■ : ' 

(iii) I=--j%(y' 2 -y 2 +X 2 )dx, y(0)=l, /(0)=0, y(h^2^y'{ji/2)= 1 

(iv) I = \ Xl ll6y 2 -y’ 2 + x 2 )dx !'W- 

"° V ■— ? ' 

(v) Find the curve joining points (0, 0) liftd , for such the integral 


J o y’ 2 dx is a minimum if/(0) = a, x y'\ty = b V\ 
( vi ) I = J* /(l + x 2 y')dx v 


\ \ 


( vii ) i=\^y{x+y )* 

\x^ 

(viii) 7 = J* 1 j^y 2 + y 2 - sin x J dy 

(ix) On what curves; the functional 7 = ^y' 2 + \2xy^dx with y(0) = 0 
and ^(l) = lbe extremized. 

(x) /=. ^ Xl \y 2 -y' 2 -lysmx^dx 


(xi) If = li ^ 2 ^’ ^( 1 ) = 1 > 7( 2 ) = 4 


(xii) I-[ Xx —dx 
J *o X 

(xiii) 7 - J* 1 (/+ 2yy'-i6y^dx 


*»* m % 


(xiv) 7 = J 


•^ yi+y 

*o 7 


( xv ) ^=|^(/ + 2w')^> 7 ; (^) = 7 ; 0> y(*l) = >l 

( xvi ) t = \l{xy^y l y'Y c ^(°) = 1 > y { l )= 2 


, 7 • ’ 

I^^WElSWfiS^isB 

#3181811 

MMWttfl 


1181 
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(xvii) I = j** ? — ^ -dx, y(x{] = y x , y(x 2 ) = y 


(xviii) I = J* 2 2>X -- 2 V - d x, y{ x i) ~ & y{ x 2 ) = . 

(xix) 7 = y(0) = 0, j(A/2) = l 

(xx) I- x(0)~ jc(1) = 2 

(xxi) I = ^ ^^~- dx, j(l) = 0, y{2) = \ 

(xxii) / = J l ^y 2 +y' 2 + 2y e x jdx 


\ 


(xxiii) / = J 


x 2 yl+y ' 2 


x \ X 


\ \ 


(xxiv) I =\ X \y + xy')dx , \ v V ' 

Jx o \ \~— SSiV/i-; 

\X- 

(xxv) I -f l (x 2 y ,2 + 2y 2 + 2xy\dx. x '"~" Ns*._ 

JxqV / " X \ f " : 

r 2 n p|'V ‘ 

(xxvi) / = | 0 // “>’ 2+ 2 + > ; ^^0,^/2) = 0 

(xxvii) I = j l ^y 2 + x 2 y ,S jdx, y(0) = 0, y(l) = 0 
(xxviii) / = J* 2 [xy 2 + x 2 yy ’j dx, y(x l ) = y l , y(x 2 )=y 

Find the extremals of the isopeimetric problems, > . ;'}i, » 

(i) /=j‘(/ 2 + x 2 )^, * ^smi 

given that 

xt*. .r‘g 

[V 2 <& = 2 flj 

Jo ' %&■?. r r j 

Ko)=o,^(i )=1 |av”- i 

, fifijv,.'' a 

(ii) / = J 1 y' 2 dx, given that ISIlfll 

*° j 

J 1 _y dx = a(constt.) . 

(iii) /=J(y 2 -y 2 )& if f?dx = l gjjjgg 

x(°)“M*)=i I^M BS 
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K'f'. i: 
r'fe'C—^ ‘ V- 






















(iv) Find the extremals of the functional 
I = j^y ,2 +z' 2 -4xz'-4z^dx 

subject to the condition y(0) = 0, y(l) = l, z(0) = 0, z(l) = l and 
the constraints 

\\(y a - x y'-z a )dx = 2 


(v) Minimize the functional L = — J q (x) dt , where x = x(f) 

x(0) = 1, x(0) = 1, x(2) = 2, x(2) = 0 % ' \ \ 

\ x V- 

(vi) Find the curve on which an extremum of the functional-^.; 


7 = JoV ~ / 2 )^ > t(0) = 0 . • 

can be achieved, if the seco'nd 6dutidary f)qmt. isNpermitted to move 

along the straight line x - —. ; 

4 ' '• ■ 

(vii) Test for an extremum the functional \ 

\'V 


TOt your Own Mates 


Given that y(0) = 0 and y y =x x ||p 

1.18. Variational Methods of Solving Ordinary Differential Equations Jp 
(Rayleigh-Ritz Method) 

Suppose, we have the boundary value problem z ; 

a o (*) y "+ a i (*) y + a 2 (*) y =/(*) — fl) 11; 

with the boundary conditions / fS§! 

y{ a )=y a ™dy{ b )=yb ...(2)--§§j 

We construct the function F(x,y,y') such that equation (1) is the Euler’s :v; ; 
equation for the extrema of the functional. g||| 

I = \ b F{x,y,y^)dx -(3) 

XSS&W-p-j 

With the choice of suitable functions yo( x )> Ti(- x )»T 2 ( x )>-”’ we g et - 

y(x)=yo( x ) +c iyi( x )+c2y2( x )+ . +^y n ( x )- •••( 4 ) HI 

in 

The function y 0 (x) is the simplest function that satisfies the given boundary 
conditions (2) , whereas yj(x), y 2 { x ) . are linearly independent 


ttiSitipil 




functions satisfying the homogeneous boundary conditions. 
y(a) = 0, y(h) = 0 
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Substituting (4) in (3) and carrying out the integration, we find ^“™ aranE=a!EES332! ™ s ^ 
, ,, \ , ^ -mvtty<mrOwn3{ott 

I = I[C\,C 2 ,..,c n ) a function of the n constants c,,c 2 ,...,c„ . these constants 

are chosen so that I is extremum. The necessary conditions are 


are chosen so that / is extremum. The 

iUo,-*U 0 ,.^-=o 

dcy dc 2 oc n 


...( 6 ) 


Solving these n simultaneous equations we find c 1 ,c 2 ,....,c w and hence 
obtain the approximate solution. This method is known as Rayleigh-Ritz 
method(*****). 


1.19. Remark (Solution of Differential Equation) 


Consider, 

a(x)y" + b(x)y' + c(x)y = f(x ) 


'VO 


Multiplying both sides by an arbitrary function p(x|.,such that,. 


-2p = a\i,2p' = b\x, 2Q-c[i, -R = £\x_ 


X'- 


...( 2 ) 


p — p-0^> P = exp [*' —dx (if P=1 akrT) X\ ‘ 
a ix o a \ \ 


\ V 


-(3) I 


. -2 , 2 \ "-X \ 'oik.• 

and u = - p => p = —p \ 

UQ 5 \v 

& Q~—p,R=—p p = p{x) px.:x',x'; 

It can be seen that the required functionat'is ofjhe form 

I[y] = l[p{x)y' 2 +Q{x)y 2 +R{x)y]dx ...(3) | ' 

with appropriate limits ,4’ ,' | • 

Now we can solve the integral by Rayleigh - Ritz method. >' : 

Example 1: Find the approximate solution of y" =1, y(0) = y(l) = 0 'jL ' _ ’ : 

The given equation is the Euler’s equation of the variational problem of g § - I ; 

optimizing the. functional. \ 

rl/ o \ ty? * I &A 1 ifftj 

M. . wmm&m 

• ipSj?-, m , tem*® 

We take the solution as 

•Us™ 

j§ v 

With one -term approximation, we have 

y(x) = c(x-x 2 ) fH 

t 

y(x) = c(l-2x) 

Substituting these expressions in I, we get 
/ = J o c 2 (l-2x) 2 + 2c^x-x 2 jjcic 






i-t '.f. J': ._ V. 

-v-.■ >; ‘ 

r= xCC w; I Vj 
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— = 0=>J^2c(1-2x) 2 + 2(x-x 2 ) dx = 0 


Tut your Own Motes 


Therefore the desired solution is y(x) = 


x 2 -x 


Identically, we note that this is the exact solution. 

Example 2: Solve y" + y = —x, y (0) = y(l) = 0 
The variational problem is optimizing the functional. 

i-\'y-y 2 -2*y)dx c 

Taking y = cfx-x 2 ) and y' = c(l - lx ), , N \' v 

7 = fop ( l - 2x f -c 2 (x-x 2 ) 2 - 2cx(x.-.x 2 jj 
= J o c 2 (1-4x + 4x 2 -x 2 +2x 3 -x 4 )-2c^x 2- x\] dxs,\ 


'X 'V v v. 

\ ' 


3 2 c 
~ 10 C ~6 

—=o=> c=4 

dc 18 


\ Y-- 

VT‘ 

\ > 


'\>;v 
\ \'- 


5 / TV 

The approximate solution is y (x) = —(x- x j 

This solution yields y(0.5) = 0.069 whereas the exact solution 
y (x) = ^y-x yields y (0.5) = 0.070. 

Example 3: Solve y" + xy = -x, y(0) = y(l) = 0 

The corresponding variation problem is to optimize 
/ = id(y ,2 ~ xy 2 - IxyXdx choosingy(x) = c|x-x 2 j, y'(x) = c(l- 2x), we 
get 

I = | o j^c 2 (l-2x) 2 -c 2 x(x-x 2 ) 2 -lcx(x-x 2 ')\dx 
— = 0=>| o c j(l-2x) 2 -x^x-x 2 j |-x^x-x 2 j dx = 0 


_• rV* r '.Ur's% * 



19 c = 5 or c - — | pE I 8 VitfS 

19 

The approximate solution is y(x) =—(x-x 2 j ,Jy 

Starting with better approximation. K- 

y(x) = (x-x 2 )(c 1 +c 2 x) 
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We find q = 0.177, c 2 =0.173 and the approximation becomes 
y(x) = (0.177 + 0.173x)x(l-x) 

Example 4: Solve xy” + y' + y = x, y(0) = 0, y(l) = l 
Here the variational problem is to optimize the functional 

/= Jo [ x y ' 2 - y 2 + 2 x y) dx 

Choosingy(x) = x + c^x-x 2 j, we satisfy the given boundary conditions. 
With y = (l + c)x-ex 2 and/= 1+ c-2cx, we find V 

\ -x \ 

7=| o (l+c) 2 x+4c 2 x 3 -4c(l-c)x 2 -(l+c) 2 x 2 -c 2 x 4 +2c(l-^c)x ^2(l4<)x 2 -2£y 3 dx 

dl 5 'C' ^ 

— = 0 => c = — y v ' 

dc 4 , Vx. Vx 




dc 4 \ VN V’x 

v . \ \ \ 

The approximate solution is > 'x/Sx^ 

, \ N\ ' 

y(x) = x + — (x-x 2 ) = (9-5x) — ' 

K 4 4 V \\ 

\ \v- 

A better approximation can be obtained by"choosingx(x) as 

. \ N 

y(x) = x + (x-x 2 j(q+c 2 x) 

„, r , 85 35 . . 

We findq = ^7 > c 2 = "TT 8 lvln g 




x(l 1 l-155x + 70x 2 ) 


Example 5: Solve y" + I. + x 2 j y +1 = 0, y(± 1) = 0 
The corresponding variational problem is to optimize the functional 
/ = J^[/ 2 -(l + x 2 )y 2 -2y dx 

By observing the differential equation and the boundary conditions, we note 
that the solution has to be an even function of x. 

Choosing y(x) = c(l-x 2 j and / = c(l-2x)we find 

/ = J_j c 2 (l-2x) 2 -^1 +x 2 jc 2 ^l-x 2 j -2c|l-x 2 j dx 
Evaluating the integral, we have 

i=&(—c 2 ~d\ 

U05 3 ) 

dI n 35 

dc 38 
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/=| o ^(i-x 2 )((|.+c) 2 -4c(1+c)^+4c 2 x 2 }-2{(1+c) 2 x 2 -2c(1+c)x 3 +c 2 x 4 1 dx 


Tut y<nsr Own 


d -L = 0=* 

dc 


0=^ (i-x 2 )J2(1+c)-4(1+2c)x+8« 2 }-2|2(1+c)^ 2 -2(1+2c)a: 3 +2c/} dx 

Integrating, we find c- 0 
The desired solution is y(x) = x , which is exact. 

Example 9: Find the smallest eigen value of y" + X y = 0, ,y(+ 1) = 0 

Here 1 = ^ ^y' 2 -Xy 2 ^dx , \ 

Choosing^ = c^l-x 2 jand /(x) = c(-2x) we find 

I = jV4c 2 x 2 - k(l - 2x 2 + x 4 )c 2 1 dx ^ 


dl . . 

— = 0=> X = 
dc 


| ^\x 2 dx 

| ^l-2x 2 + x 4 j</x 


v \ 


, 15 \'NX~ 
T- \J> 

\ Sf 

i--v. \v. 

\ ^ 


The exact value is— = 2.467 \ \ 

4 \ . v 

l-~* s, 

Example 10: Find the smallest Eigen value “of 
(l + x)y"+y' + Xy = 0, y(0) = y(l) = 0 V ~— 

Here/ = J^(l + x)>' ,2 -^ 2 Jc/x 

Choosing>'(x) = c^x-x 2 j and /(x) = c(l-2x) we find 

/ = c 2 | o (l + x)(l-2x) 2 -?^x-x 2 j 1 dx 


dl n 

— — 0 ^ K — - ~z - 

* i> * 


dl L(l + x)(l-2x) 2 dx 

— = 0=>?o = ^—r-—-- 

dc \Sx~x 2 )dx 




Taking y(x) = ^x-x 2 j(q +c 2 x) , we obtain A,j = 14.42, X 2 = 63.6 as the 
smallest two eigen values. 

x 3 

Example 11: Solve y" + y ~——, y(0) = 0, y(l) = 1 



Here/=f y ,2 ~y 2 —x 3 _y dx 

Jor 6 
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Choosing y(x) = x + c^x-x 2 ^, we get 

/ = Jg (l + c-2cx) 2 -j(l + c)x-cx 2 } —jx 3 |(l + c)x-cx 2 | dx 


¥xs& your Own Sfotes 


0=i> /=|| 4cV(l-2y 2 +j 4 )+4cV(l-2x 2 +x 4 ) 


10c - 3 = 0, by evaluating the integral or c = —. 


13x — 3r z 23 

The solution is y(x)= — —-. This yields y(0.5) =-^-..This value agrees 


. ■ ' 6x- x 


with that of the value obtained from the exact solution -j? (x) =Y 


In the problems considered so far , the boundary,, conditions deal with 
prescribed values of the unknown functiofTy(jr), like\v(q) ='y. a , y(b)-yf, 

In the derivative of the unknown function ethers the boundary conditions, 
then Rayleigh- Ritz method needs modification. This_ will be discussed in the 
next section. \ \ '' 

. ._ \ . v "" 

Galerbin Method: (Conversion of ODE“int6 .'variational problem to find 
approximate solution). v 1 

Galerbin method convert the ODE into functional (variational problem) and 
then using Rayleigh Ritz method to find fh&approximate solution. 


Method: Consider the second order differential equation 


a(x)y"+b(x)y' + c(x)y = f(x) 


Corresponding functional of this differential equation is given by 


2 r -i 

/=J P(x)y' 2 +g(x)jy 2 + i?(x)jy dx 


Where P=[-dx 

J n 






V^;£*5: - 


Q = - 


mtmmm 


Y tig's;;- 

v - ; Kv V:.;v.-v,v, - v 
V- . ' ’■ : . ■ : - - 

: "V; : 


Example: Find the approximate solution of this differential equation y" = 1 
at boundary conditiony(0) = 0, y(l) =0. 

Solution, : Consider a second order differential equation 

a(x)y" + b(x)y' + c{x)y=f(x) ...(1) 


Y; Y .. 


...( 2 ) 
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Compare equation (1)& (2) 

We get a = 1, b = 0, c = 0, / = 1, 


P = = 1 


Inequation (l) 

*2 i 

1= ^P(x)y l2 + Q(x)y 2 +R(x)y dx 

x i 

Putting the value in equation (3) 
l 

I^\[y' 2 + ly)dx >’(0) = 0, >’(l) = 0 

0 

Where y = cx(l-x) x 

y = c(\-lx) 

Inequation (4) 


\ \ X 


1 r 

c 2 (1-2*) 2 + 2cx(l-;c) dx 


= J c 2 - 4 c 2 x + 4 x 2 c 2 + lex - lex 2 uh: 


2 2^ 2 , * 3 2 - X 2 X 3 

= c x-4c -1-4— c +lc -2c— 


\;xi. 

. 


2 2 

2 ,c A c „ c 

=c -4—+4—+C-2- 
2 3 3 


.3 J 3 


Differentiate equation (5) with respect to c 

*-0 => 2 l 4-0 

dc 3 3 


C 2 


Putting the value in (*) , y = x(l - x) 

Direct Substitution Method 


jr-+-y 


Calculus of Var 




...(4y 






- f. p V'' 1 v- -2 




a - 11 iiggip 
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Calculus of Variation 


iffl 

M j 


a: or constant -» multiply by 2 y . 

Example: Find the smallest Eigen value approximately using Rayleigh Ritz 
method. 

y" + Xy = 0 
y(0) = y(l) = 0 

Solution: Direct Substitution method:- 

y "->-/ 2 


y -> y 

-y' 2 +Xy 2 =0 

I = ](y' 2 -Xy 2 )dx 
0 

Put y = cx{\~x) 
y'-c(l-2x) 


\ 

Vx 

w \ 

, XL 


X \ 

\\ 


...( 2 ) 


\ Xv 
\ N '\ 


\ xl 


/ = Jp (1 - 2xf - X c 2 x 2 (1 - xf 1 dx v 

° ‘ \ 
l 

/ = c 2 J (\-2xf -Xx 2 (l-xf dx 


0 = 2c (l-2x) 2 -Xx 2 (l-x} 2 dx 


x-4 — + 4 


0-15 + 6 
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1.20. Variational Methods of Solving Partial Differential Equations 
(Rayleigh-Ritz Method) 

Consider the boundary value problem ~{pu x ) x -(pu y j +qu=r in the 

region R bounded by the closed curve C . Let u(x) be prescribed onC. The 
corresponding the boundary variational problem is to optimize the functional. 

JJ [p( u x + Uy) + <1U 2 - 2 rujdxdy 

R 

We take the trial function such that it satisfies the given boundary condition. 
Example 2: Solve Laplace equation in a square + u yy = 0 |jc| < 1, |y| < 1 

'v. ' v 

u = 0 on| jc| = 1, u = l-x 2 on |y| = l '"n. 

Trial solution in this case is u = ^1 - x 2 jj^l + c^l -~~ 

r l f i\/ ~~ ^\ Sv \ N \' k « 

The required functional is 1 = J J ^ yu x + u y j2fc 

\ 

= \ l J [ _l 4c2 y 2 ( 1 - 2 * 2 + * 4 )] + 4 ^ 2 [l + 2cX-/>^Xl'- 2y 2 +y 4 )]dxdy 


"=0 

dc 


\ V""- 


=*■ 0 = J_ 1 J_ 1 8cy 2 (l-2r 2 +r 4 ) + 4x\{2(lXyi) + 2c(l-2y 2 +y 2 )} dxdy 


Evaluating the integral, we find c = — 

8 


and «(jc,^) = 1-jc 2 ^l-x 2 j^l -y 2 j as the desired solution. Ipy 

8 jui 

We also get u(0, 0) = -= 0.375 
Whereas the exact value is 0.411. 

|»|§«g 

Example 3: Find the smallest eigen value ofw^. +Uyy + Xu = 0, |x| < 1, |y|< 1 

ffit 

11 

Hence J = \_j^(uj + u 2 y -lu 2 )dxdy 

* 

/ \/ \ x %. Sty 

Takingu(x,y) = c^l -x 2 )(l -y 2 ), gjjfflfl 

J = l[j[[^ 2 c\l-y 2 ) 2 + 4y 2 c 2 (l-x 2 )-Xc 2 (l-x 2 ) 2 (\-y 2 ) 2 ]dxdy gg|§|i 


ijflX 


256_256>. ] 2 
45 225 ) 




— = 0=>X = 5 
dc 

X = 5 is the least eigen value 


assssjlss 
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The exact value = — = 4.93 
2 


2 Put your Own Notes 


Example 4: Solve Poisson’s equation in a circle + u yy = -1, x L + y <1 

« = 0on x 2 +y 2 = 1 

Here J = ^{u 2 +u 2 -2u)dxdy 


Where R is the region x 2 + y 2 < 1 
Choosingu(x,>’) = c|l -x 2 -y 2 j, we find 

/ = JJ^4c 2 (x 2 +^ 2 )-2c(1-x 2 -y 2 )^dxdy 


V X \ 

v. x>: 


— = f rc 2 r 2 rdr— f 2c(l — r 2 )rdr =c 2 — — 
2n Jo Jo v ,—J2 




dJ . 1 

— = 0 =>c = - 
dc 4 


\ X\ 


\ \ x 


dc 4 \ N \ 

' 

!„ x 2 _ v 2 \\\ 
u(x,y) = -—, exact solution. \ \ 

4 ■X*' 

Example 5: Solve: Poisson’s equationXm an ellipse u^+Uyy = -1 , 

J2 2 ' 2 2 \ "'NX' 

+ ^<l u = 0 on +Z^^l " 

a 1 b L a z b l 


Here J = jj(u 2 +u 2 -2u)dxdy 


2 2 

x y 

Where R is the region insider —+ Xr = l 

a 1 b L 


x 2 2 

Taking u(x,y)=c 1— J~^2 ’ 
a b 


( 2 2 \ ( 2 2 ' 
we find 7 = J| 4c 2 ^j+—■ dxdy- 2c JJ dxdy 

R ^ J a b , 

/■ 2 2'\ 

b J 


X 7 + 7 ** 

Changing the coordinates by the transformation x = ar cos0, y = hrsin0, 


we find 4c = 


J„(l-rVr 2 


[V* -L+JL 

J » „ 2 V 
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Example 8: Find an estimate of the least eigen value of u xx +u yy + Xu = 0 


In the isosceles right angled triangular region bounded by the coordinate axes 
and the line x + y -1 . Assume that u vanishes on the boundary of the 
triangle. 


Here J-JJ(u 2 +u 2 -Xu 2 )dxdy 

R 

Choosing, u(x,y) = cxy(l-x-y) we find j it x = c{y- 2xy-y 2 ^ 
u y =c^x-2xy-x 2 j 




■V.. 


_ \ 


Where /j = Jj (y-2xy- y 2 ) 2 +{x-2xy-x 2 ) 2 dxdy 


h=\\ xl y 2 Q-- x -y) ldxd y 


X 


\ \ x 


v \v 
\ N\ 


These integrals are evaluated ~''\jrsing the 

\\f^y) dxd y = \\\\ X f{x,y)dydx 
R 


formula 


/>( !-*)"&- 


m\n\ 


(m + n + 1)! 



8x7! 


Thus we obtain X = -- 1 = 56 as an estimate of the smallest eigen value. 

6! 


The true value is 5n z = 49.35. 

Direct Substitution Method 

.2 


u xx^~ u x 


u yy ~ u y 


u—yu 


u x or Uy —> 0 


Constant or some function of (x,y) -»multiply by2 u. 
Example: Find the approximate solution of poisson equation 

u xx+ u yy=~ 1 » \y\* 1 

u = Oat x=±l 
and y-±l 

Solution: By direct substitution method:- 


-u 2 — u 2 + 2w = 0 


l^^Voi^ Own lNiyt^s^ ; 


i Hfg |; 


...( 1 ) 
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1 1 

/=| | {m 2 +uj, -lu^dx dy 


$f$§8 

... sY'-UfS 

Calculus of Variatio 







iPKt }/<w Own Motes 


Put M =C^l-X 2 j|l-^ 2 j 
u x =c(-2x)(l-y 2 y u y =c(l-x 2 y~2y) 


...( 2 ) 


1 i r 

Mf * 2 

-i-i L 


^4x 2 J^l-^ 2 j + c 2 ^4y 2 J^l-;c 2 j -2c|l-y 2 -x 2 +x 2 ^ 2 j ciccjfy 


/= J J 4c 2 x 2 11 -2y 2 +y^+4c 2 y 2 [\-2 2 + x 4 J -2c 11 - x\-y 2 "-kx 2 _y 2 j dxdy 
-1-r 

= J } [(4 cV - 8c W +4AV. 4cV - 8c 2 ^?44^V ) 

-i-i , ___ K~- x \>A 

V \\ V s 

-^2c—2cx 2 -2cy 2 + lcy 2 x 2 j dxdy \ — 

1 1 r 

= j j ^4c 2 x 2 + 4c 2 >> 2 - 16c 2 x 2 y 2 + 4c 2 x 2 y\4c 2 'y 2 'x 4 

, 'C Y~ 

-2c + 2 ex 2 + Icy 2 - lex 2 y 2 dx dy ’ Y'-w- 

aa 

= f [ 4cVy + 4c 2 i- - 16c 2 * 2 i- 4 4c 4 c iy -x' 

J [ 3 3 5 3 

3 3 1 

-Icy + lex 2 y + 2c —— 2cx 2 — dx 

3 3 J-l 

= J 4cV(l + l) + 4—(1+1)—16— x 2 (1 + 1) + 4—x 2 (l + l) + 4—x 4 (l + 1 ) 
j 3 3 5 3 

-2c(2) + 2cx 2 (1 +1) + 21(1 +1) - 2A 2 (1 +1) dx 

32 2 64 2 32 2 16 8 . 

= —c-c +—c +—c—c-8c 

3 9 15 3 9 

±. 0 

dc 

5 

=>c = — 

16 


Putting c = — in equation (2) 






“(AKIM) 




mrnmm 


MEmim-rAh 
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1.21. Essential and Suppressible Boundary Conditions 

Consider the boundary value problem 

~^(p(x)y')+<l(x) = r(x) 
dx 

a 0 y(a) + a 1 /(a) = a 2 

Po-K^) + Pl/(*) = P 2 

Let us consider the variational problem of optimizing the functional 


Calculus of Va 

1 i; 


HV+ 


,2 + qy 2 -2ry^jdx 


W \ 


87= \A py,2+qy2 ~ if y) dx 

b A>A' ' 

= 2 \ a \_py'fy'+ {qy - r)8y]dx 

. _ 

= 2py?>y\^dx+ 2j* [(-py ’) + qy ->]5y dx '■ '' 

\\\ 

= 2p (6) / (&) 5 y (6) - 2p (a) y'(a)S y (a )+ 2 JjPMM^y - r] 5y dx 


\~x 

\\ 


Tut your Own Notes 


Substituting the values of y'{a) and -y'-(b) •,obtained from (2) and (3) : 

"x, X, "***' ■y'-, ■ : • 

respectively, we get ' 

§/= M^[p 2 -p 0 y(6)]8y(£>)- 2 ^\a 1 \ 0 y(d )]Sy(a)+2 f 6 [(-py)'+gy-r]5y<& 

Pi a l :: Vy. 

=^^-^>iy{b)-^ (6)}-s|^{ 2a2 y(a)-a°y 2 {a^+2^-pyYqy-r^,ydx 

Or 8 J - 2| [(-py ')'+ qy ~ r ]8y dx , 

Where / = J* (py' 2 + ? y 2 -2/y)^ + ^((3 0 y 2 (Z,)-2p 2 y(^)) f O 

-^( a °y 2 («)- 2a2 y(«)) ^ jjjjpjf 

Hence, in order to solve the boundary value problem (l)-(3), we optimize the + 
functional(5), note the functional(4). As we have incorporated the boundary ‘ 
conditions through the extra terms in (5), there is no need for us to see that 
the choice functions y^(x),/; = l,2 j 3,....,k in the solution. f 

y{ x )=yo{ x )+ c iyi{ x )+ c 2y2i x )+ . + c n y n { x ) ‘ 

Satisfy the given boundary conditions .Hence the boundary conditions are ! , 
called suppressible boundary conditions whereas the boundary condition with fjjjf |jf|g|8 
prescribed values of y are called essential boundary conditions and our IfSlIlilJl® 
choice functions have to satisfy the essential boundary conditions. If pj = 0 
in (3), then the second term involving p{b) in (5) has to be dropped. If pjj| j§ I i 
a, = 0 , in (2) , then the third term involving p(a) in (5) has to be dropped. 


m00mm 
■ 812 : 


1 . A ’vvl '-Ir.;- 
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Calculusot Variation 


Example 1: Solve y" + y = 0 jv(0) = 1, y(l) = 0 

The second boundary condition is suppressible and we try the function 
y(x)=l + cx which satisfies the essential boundary condition. The variation 
formulation is to optimize. 


'-J W-y> 


Substituting y = 1 + cx , we get 


J=\ c‘ 
Jo 


-(l + cx) 2 dx = —c 1 


dJ n 3 
— = 0=>c = - 
dc 4 


\ \ 


The approximate solution is y(x) = 1 +—x \Tv^ 

4 >yV S 'S 

. 's \ cos(l-x) 

Comparing this solution with the exact soIution,—yi xd=—i-- 

\ VC' fc0Sl 


These two solutions assume the values of 1.750 an. 4 J. 85 i respectively when 
x — 1. Let us choose the two term approximation"y(x-) = l+qx+c 2 x 2 

y~* v. 

Now, we find J = jjj (q + 2c 2 x) 2 -^ ! ±,cjxT^xl.j dx 

\ V- 

_ ^2 _, , , 4c 2 - 2c 2 -cj 


= Cj -1 + 2 cjc 2 -q +- 


dJ n dJ . . ,, 4 3 , 

= ° ^0 yield- Cl +-c 2 =l 


2 5 


dc: den 


3 34 2 

2 q + 15 C2_ 3 


3 ‘ 2 


e . . 228 110 

Solvmg, ci =-, c? = —— 

1 139 139 


Giving the improved solution y (x) = 1 + 


228X-110X 7 


From which we obtain y(l) = 0.849 which is very close to the exact value 
0.851. 


Example 2: Estimate the least eigen value of 1 , 

y" + ’ky = Q>, y(0) = 0, y(l) = 0 u - 






Here J = |Vy ' 2 - Xy 2 J dx 

Choosing one term approximation y(x) =c(x- l), we get 
/ = jJ c 2 -A,c 2 (x-l) 2 J<£c 


.itejfejiTyyai • 

S&gfes# 

-' , . - f' - ; 

, 

, J > * % b’ 
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To improve the estimate, we select a two - term approximation 
y(x)=(x- l)(q+c 2 x) 

Now, 

J = J 0 [(q ~c 2 ) 2 + 4c 2 x 2 +4q(q -c 2 )x-^.|q 2 +(q -c 2 )x 2 + c 2 ; 
- 2 q (q - c 2 ) x + x 2 c 2 (q - c 2 )x 3 - 2 q c 2 x 2 j dx 

X. 

=(»i-c 2 ) 2 +^+2c 2 ( C| - C2 )-».b + <a^)i + |'^ 
3 L 3 \ 

-q(q-qz)+%q -c 2 )-2^ 

X \ \ \ 


list your Qwn Mates 


-q(q - c 2 ) + y(q - c 2 ) - 2 ^ 

— = 0,— = 0 Yield 
3q 3 c 2 

|(3-X)q-|c 2 =0 

X ( 20 -?i) 

—q +---c 2 = 0 . 

6 1 30 2 \ 

For non-trivial solution, we must have 

—(3-A,) -- 

3 • 6 =0 
X 20-X 




X 2 +92 X -240 = 0 


The positive roots is X = 


-92+ V92 2 +4x240 
2 


or A,=— 46 +-v/2356 =2.539 


7T Z 

Which is nearly equal to the true value — = 2.467 


, 1, ft M MS. |sj ' 

I 


VsJ&I "r ■>, vYCiC'C- 


Note that the error in the value predicted by one term approximation is 

21 . 6 % ' '••• ■ 

Whereas the error in the value predicted by the two - term approximation is IfXXX 
only 2.9%. 

Example 3: Solve y" =0, _y(0) = l, .y(l)+/(l)=0 

The appropriate variation problem is to optimize the functional 

i 'I 

J = \y' 2 dx+y\ 1) « 
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Wherein the suppressible boundary condition has been incorporated in J. To 
satisfy the essential boundary condition y(0) = 1, we choose y (x) = 1 + cx. 

Now, we get 


J = J 1 [c 2 4 - (1 + cf \ix = 2c 2 + 2c +1 

a/ n 1 

dc 2 

Giving the solution 

Which is also the exact solution. 

Example 4: Solve y" + y = x, y(0) = 0, y(l)-/(l 

\ 

Here J = J 1 (y ' 2 - y 2 + 2xy)dx - y 2 . ■ 

V~~^\ \\ > 

Choosing y(x) = cx , which satisfies the essgRtial^bouiidary condition at 
x ~ 0, we find . \, N l 


J = j^(c 2 -c 2 x 2 + 2cx 2 )dx-c 2 


■2c-c 


= 0=> c = l 




The required solution isy ~x , which is the exact solution 
Example 5: Solve y"+y = x, y'(0) = 1, y(l) = 1 

Here J -1 (y ,2 - y 2 + 2xy)dx + 2y(0) 

Choosing y (x) = a + (1 - a ) x, we find 

/ = J" o |^(l-a ) 2 - a 2 -(1 -a) 2 x 2 - 2 c(l-a)x + 2 ax + 2 (l-a)x 2 joh: + 2 a 

dJ 4a . ' 

— = 0 => — = 0 => a = 0 
da 3 

.•.The required solution isy (x) =x, which is the exact solution. 

Exercise: Find the approximate solutions of the following boundary value 
problems. 

(i) y"+y = U y( 0 )= 0 , y(l) = 0 

(ii) y"+y = l, y(0) = 0, /(l) = 0 

(iii) y"+y = \, y( 0 ) = 0 , /(l) = 0 

(iv) y"+y=x, y( 0 ) = 0 , /(l) = 0 
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(v) y" + Xxy = 0, y(0)=y(l) = 0 

(vi) )T + y = x, y(0) = 0, /(l) = 0 

(vii) y" + Xy = 0, y(0) = 0, y(l) + /(l) = 0 

Answer 

Exact Solutions 

, X COS* 

(I) rw=1 "^ 

(U) v . 

cosl \ 

(iii) y(*) = i 

(iv) y(x) = x - - \ N \ 

cosl . 

(v) X = 2 for one term approximation '‘ajid '.A,'= 19.2 for two term 

approximation while exact value is X = 18.9 \\ 

\ \ 

(vi) y(x) = x \7'\. 

\ v -~~ 

(vii) The eigen value X = 6 for one tefnTapproximation and A, = 4.15 for 

s. \ 

two term approximation. Exact yalue’is X = 4. 12. 

1.22. Proper Field, Central Field and Field "Of Extremals 
Proper Field 

A family of curves y = y(x,c) is said to form a proper field in a given region 
D of the j 'ey plane if one and only one curve of the family passes through 
every' point of the region!), for example, inside the circle x 2 + y 2 - 1, the 
family of parallel lines y=x+c(c being an arbitrary constant) forms a 
proper field since through any point of the above circle there passes one and 
only one straight line of the family as shown in figure (i). On the other hand, 
the family of parabolas y = (x-c ) 2 -1 inside the same circle x 2 + y 2 = l 
does not form a proper field since the parabolas of this family intersect inside 
the circle as shown in figure (ii). 


Fig. (i) 


Fig. (ii) 


Central Field 

If all the curve of the family y = y{x,c) pass through a certain point 
(xQ,yo) if they form a pencil of curve, then they do not form a proper 
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Fig. (iii) 


\ \ N. 

i \ "'■ 

\\ 

Working rule for testing a weak minimum/weak maximum and strong 
minimum/strong maximum of an extremal -o.f a given function with help of 
Legendra condition. 


Let l[y(x)\ = ^F{x,y,y')dx 


\ \ 

' ' \0 0 ) 

be a function with fixed boundaries ^(ixpr^Yand /^(x 2 ,^ 2 )-L et F^y^ 1 ) 

, \ ^ N 5 2 F 

posses a continuous partial derivative,K,y that is - - Let C be the curve 

\ & 

of the extremal of the given functionaf'-which passes through P x and P 2 . 
Also assume that the extermal of the curve C is included in a field of 
extremals. Then the following table provides the sufficient conditions for the 
nature of the extremal of the given functional. 


S. No. 

Nature of the extermal of 
the given function 

Sufficient conditions 

1. 

For a weak minimum to 
be attained on the 
extremal on the curve C 

Fy\y< >0 on C 

2. 

For a weak maximum to 
be attained on the 
extremal on the curve C 

Fy<y< <0 on C 

3. 

For a strong minimum to 
be attained on the 
extremal on the curve C 

Fy< y < > 0 at points close to C and 
also for arbitrary values of y' 

4. 

For a strong maximum to 
be attained on the 
extremal on the curve C 

F y 'y’< Oat points close to C and 
also for arbitrary values of y' 




■ y$..~ 


Example: Test for an extermum the function ; 

I LK*)] = \l (e y + 3)<fe, y(0) = 0, y( 2) = 1 
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field in the region D , if the centre of the pencil (x 0 ,>> 0 ) belongs to D. t .. s , ....> v . w -r->. ,,, 

However, if the curves of the pencil cover the entire region D and do not 
intersect anywhere in this region, with the exception of the centre of the 
pencil (x 0 ,y 0 ), then family y-y(x,c )is said to form a central field as shown 
in figure (iii.) 

y 

A 


353 ^ 

























function 


Solution: Comparing the 

J o (x,y,y')dx, here F(x,y,y') = e y +3 

_ , , • dF dfdF) , 

Euler s equation is-— = 0 

8y dxl^dy'; 


r ... dF n 8F , d(dF\ de y ' v < „ 

From(l),—■ = 0, — -e y so that — — =- = e y y 

dy dy' dx^dy') dx 

With these values, (2) gives 0-e y ‘ y" = 0 or y"=0 
Integrating it, y' = C l so that y = C x x + C 2 


Showing that an extremal of the given function is attained-only on the 
straight lines (3). 

Since y (0) = 0 and y( 2) = 1, (3) 


=>0 = C 2 and 1=2C] => 2, C 2 ^0^ 

Hence the extermal satisfying the boundary cohditibtts-is y-xf 2 which is 
included in the central field extremals y = C,x \ ' \ 

Since F(x,y,y') is three times differentiable wi'th^ibspect to y' for any y' 


and Fy<y<~e y >0for any value of y' ,^iTTolibws -by (Legendre condition) 
that on the straight line y-x! 2 a strohg miriimum is attained. 

VV ' 
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ASSIGNMENT SHEET-1 


The extremal of the functional 

\l{y' 2 -y 2 )dx that-passes through (0,0) 

and (a,0) has a 

(a.) weak minimum if a < n 

(b.) strong minimum if a < it 

(c.) weak minimum if a > jt 

(d.) strong minimum if a > n 

The extremal of the functional 

/ = J* 1 y 2 (y') 2 dx that passes through (0,0) 

and (x(,}>j) is 

(a.) a constant function 

(b.) a linear function of x 

(c.) part of a parabola . . \ 

(d.) part of an ellipse 

Consider the functional \ 

\ 

J(y) = y 2 (l)+ty ,2 (x)dx,y^)^ \ 

J ° 1 \-. 

where y e C 2 ([0,1]) extremizes J then\ 

(a.) y(x) = l--x 2 


(b.) y(x) = l--x 


The curve extremizing the functional 


'(>M : 


l+(y'(x)) 2 


y(l) = 0,y(2) = lis 

(a.) An ellipse 
(b.) A parabola 
(c.) A circle 
v , (d.) A straight line 

6.X Letw(x,y) be an extremal of the functional 

W XXL , n 

x ' (u ) = 11 i-M 2 +— u 2 4- e^u dxdy where 

\ 2 ' 2 

X * X. 

is the open unit disk in R 1 . Then u 
\ x satisfies 


(a.) u xx + u yy -e^ y =0 


(b.) MjX u 


xx 1 “yy 


(C.) U^+Uyy =-€? 


(c.) y(x) = l+-x 


(d.) y(x) = l + ^x z 

Let y eC 2 ([0,7i]) satisfying y(0) = y(7t) = 0 


rK 2 

and y (x)dx = 1 extremize the functional 
J(y) = \l(yXx)?dx\y' = T"then 


(a.) y(x) = ^j—sin x 

(b.) y(x) = -J~ sinx 


(c.) y(x) = J— cosx 


(d.) y(x) = -J— cosx 


( d ‘) \\]^xx+ u yy- eXy ^ l { x ’y) dxd y = Q for 

every smooth h vanishing on the 
boundary of D 
Consider the functional 

J {y) = \ b a F{x,y,y')dx 

where F(x,y,y') = y'+ y for admissible 
functions y . Then J has 
(a.) no extremals. 

(b.) several extremals. 

(c.) y(x) = e~ x as an extremal. 

(d.) y(x) = constant as-an extremal. 

An extremal of the functional 

4t)=J\/i+|/(*)| 2 <& 

a 

(a.) is the straight line connecting (a,y(a)) 
and ( b,y(b )). 

(b.)is a solution to the differential equation 
y' = C\[l + y' 2 for some constant C . 

(c.) is a solution to y" = 0. 

(d.) does not exist. 
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Consider the functional 


/ (>’) = J F 0 , ’> / )^ / E ^ 

a 

j(a)=^, y(b)=yi 

Where yeC 2 [a,l)] , F has continuous 
partial derivatives with respect to y, y, and 
y lt y 2 are given real numbers. Let y-y{x) 
be an extremizing function for the functional 
I . Then along the extremizing curve 

(a.) F remains constant 

(b.) — = 0 
dy 

' „ SF 

(c.) F-y —= constant 

Qy v .—„ 

SF " >■ 

(d.) F-y —= constant \ 

dy x 

Let y app (x) be a polynomial approximation^ "■ 

involving only one coordinate function^-TbrX 
the functional 
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CO 

12. Let J(u)- I + 4— xdx, where u(x) is 
0 L x . 

a smooth function defined on [0, l] 

satisfying «(0) = 0 and ti(l) = l . Which of 
the functions minimizes J ? 

(a.) u(x) = x 2 
(b.) n(x) = -J=x 2 

'■x(c')-.,u(x) = ^-x 2 


x^d.) «W = -^ 


\ V\ 

V - * 


■ y(o)=o ) y(i\=o;\: 

using Rayleigh-Ritz method; here 
yeC 2 [0, l] . If y e {x) is an exact 
extremizing function, then y e and y app are 
coincident at 

(a.) x = 0 but not at remaining point [0, 1] 

(b.) x = 1 but not at remaining points in [0, 1] 

(c.) x = 0, x = 1 but not at other points in [0, 

1] 

(d.) Allpbint xe[0, l] 

2 -2 

The extremal of f^r-A;x(l) = 3, x(2) = 18 
l' 

(where x = ~) using Lagrange’s equation is 
dt 

given by which of the following? 

(a.) x = t 4 + 2 

(b.) x = — P+- 
7 7 

(c.) x = 5t 2 -2 

(d.)x = 5t 3 +3 


Consider the functional J = ^F(x,y,y')dx 

a 

where F(x, y, y') = (l + y 2 )// 2 for 

admissible function y{x) . Which of the 
following are extremals for J ? 

(a.) y(x) = /lsin(x) 

(b.) y(x) = /fsinh(x) + 5cosh(x) 

(c.) y(x) = v4sinh(^4x + 5) 

(d.) y(x) = ,4sin(x) + 5cos(x). 


14. The variation problem of extremizing the 
functional 

3 . 

, l(y(x)) = ^y(3x-y)dx-, y(3) = 4-, y(l) = l 


(a.) A unique solution 

(b.) Exactly two solutions 

(c.) An infinite number of solutions 

(d.) No solution. 

15. An approximate solution z = z 0 (x,y) to the 
problem of extremizing the function 


f(z{x,y)) = \\ 


?T + tel _2z ^ dy 

dxj {dy) 


where D is the square. -l<x<l,-l<y^l 
andz = 0on the boundary of the square, is of 
the form 
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(a.) zo = z afii (x, y), where a [ are constants 

i=l 

and functions <j>, are linearly independent 
inD. 

(b.) = a x 4> x (x, y) + a 2 ( t> 2 (x, y) where a x 

and a 2 are constants and ^ and <j> 2 have 
continuous partial derivatives. 

(c.) z 0 = at\>(x,y) where a is a constant and 
<|) is continuous in D 


(d.)z 0 =(x 2 -l)(y 2 -l)/16 
Consider the 


Consider the functional 

/(y) = J 2 vl + y 12 d x subject to the 
conditions that the left end of the extremal is 


fixed at the point —and thegrightend 
\ 2 4 ) 


(a.) Linearly independent 
(b.) Continuous 
(c.) Smooth 

(d.) Linearly independent, smooth and the 
functional be considered not along 
admissible curves y = y(x) but only 

along all possible linear combinations of 
admissible functions. 

19. The extremizing curve for the functional 
V F(y\z'\dx with 

v x'T 

n sn£ t ' .-(f <, r * o 

= \V>' r z'z^\ r y z ) * 

"(a::) Is uniquely determined 

■\ 'x 

x Z\^(b.)Is a member of an infinite family of 
v ' curves laying in a plane 


(x,, y,) be movable along the straight line \ \\ ■, , , e ., e 

' 1 JV > 6 6 \ \\ (c.) Belongs to a family of curves in space 

y = x-5 . Let Cj and C 2 be arbitrary 

, . \ \ \ (d.) Does not exist, 

constants. Then \ x - v ’ 

\ \ - 


(d.) Does not exist. 


(a.) The general solution of the Euler’s \x, 
equation satisfies 2C]+4C 2 =1 ^ \ 


(b.) The transversality condition that holds at N 
the right end yields'' 1 ''" 

iiicj ! ) + ( | -c,)- r 2_= o 


(c.) The relation Cjxj + C 2 = xj - 5 is true 

3 

(d.) The extremal is y = - x + — 

The variational problem of extremizing the 
functional 

2 rC ( d ^ 

yT -y 2 dx;y(0) = l,y(2n) = l 


An extremum of the functional 
Qjjf +12 xy\ix, y (0) = 0, y (l) = 1 can 
occur only along the curve 

(a.) x(l-x)e x 
(b.) (l-x)x 2 


21. Any function that gives an extremum of the 
functional 


+ — J +2 zf(x,y)\dxdy 


(a.) A unique solution 

(b.) Exactly two solutions 

(c.) An infinite number of solutions 

(d.) No solution 

In the Ritz method, seeking an extremum of 
the functional 

x i ( d \ 

I (y)= f F [ x,y, ^) dx; y( x o) =a ’y( x i)= b - 

*<> 

The coordinate function/or the admissible 
function ^(*),f = l, 2,.... defined on [x 0 , Xj] 
must be 


satisfy the so called 
(a.) Harmonic equation 
(b.) Heat equation 
(c.) Wave equation 
(d.) Poisson equation 


1 

22. Let j[y] = J {y'e y +xy 2 )<£c be a functional 
-1 

defined on C 1 [-1, l]. Then the variation of 
J[y]is 
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1 

(a.) | (y" e y + e y y '+ 2 xyy ') dx 
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26. Consider 


functional 


Jt/2 / ~ \2 /p, \2 

F(u,v)= f — + — +2 u(x)Ax) dx 


(b.) j (y' 


2 e y +/ +2xyy')dx 


w(0) = l, v(0) = -l 


(c.) j\(y'e y + 2xy)8y + e y 8y'^dx 
-1 

(d.) | \[y'e y + 2xy + y 2 )dy + e y 8y'~^ dx 


23. Consider 


functional 


J\y \=1 (xy'^-2yy ’ 2 ) dx defined on 


u — = 0,v — =0 . Then, the extremals 

V2J 

satisfy 

(a.) w(7r) = l, v(tc) = -1 

(b^ u(n) = l, v(tc) = 0, u(n)-v(n) = 2 

\ 

' \(c.j «(7t),= -1, v(tc) = l 
' \(d.) M(rc) + v(7t) = -2,u(7i)-v(7i) = 0 


eC 1 [l, 2] ^(l) = 0, >>C2)^= l}^ " If u(x) and v(x) satisfying 


Then the functional attains \ 

\ 

(a.) A weak minimum on v = x -1 i-s, v- 

\ X 

(b.) A strong minimum on y = x-\ \— V 

\ y 

(c.) A weak maximum on y = x-l ' 

\ x 1 

(d.) A strong maximum on y = x-l \ ' 


v 

\ \\ 

\ M 


m(o)=i, v(o)=-i , u|J^J=o and 


v|^—J = 0 are the extremals of the functional 


du y i 2 ( dv'] 2 


24. The 


extremal 


problem 


^b(*)]=j{(/) 2 -T 2 }<& 

0 

y(0) -1, y(n) = X, has 

(a.) A unique extremal if X = 1 

(b.) Infinitely many extremals if A, = 1 

(c.) A unique extremal if X = -1 

(d.) Infinitely many extremal if k = -1 


+^J + 2uvjdx , then 


, . 71 71 

(a.) u - +v - = 0 


(b.H? -v ? =0 


, . 71 7C 

(c.) u — +v — — 1 


, , , 7t 7C _ 

(d.) u - +v - =0 


25. The 


functional 28. The functional 


J[y\ = \ eX [y 1 + ^/ 2 j dx; y (0) = 1, y (l) = < 


attains 


(a.) A weak, but not a strong minimum on e x 

(b.) A strong minimum on e x 

(c.) A weak, but not a strong maximum on 


J (/ 2 + O + 2 y')y" + kxyy' + y 2 )dx, 

o 

y(0) = 0,y(l) = l,/(0) = 2,/(l) = 3 is path 
independent if k equals 



(d.) A strong maximum on e x 
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1 1 
The functional J(/ 2 + 4y 2 +%ye x ^dx, 33. The functional J(>’ ,2 + x 3 j/it, given y(l) = l, 


4 4e 

y(0) = -~, y(I) =—~ possesses: 


(a.) Strong minima on y = - -e x 


(b.) Strong minima on y - - — e x 


(c.) Weak maxima on y = --e x 


(d.) Strong maxima on y - -—e x 


achieves its 

(a.) Weak maximum on all its extremals 
(b.) Weak minimum on all its extremals 

(c.) Weak maximum on some, but not on all 
of its extremals 

(d.) Weak minimum on some, but not on all 
of its extremals 

34. The possible values of a for which the 


On the interval [0, l] , let y be a twice , K \ ^\/^extemals 
continuously differentiable function which is 

an extremal of the functional^ \\ \ ^ ® 


v variational 

V \o i 

+21 V) *,><») ‘ 

externals are 


problem 


J(yH 


Ul + 2 y' 2 


tic with y(0) = l,y(l) = 2 \ 


. Then, for some arbitrary constant c, v y 
satisfies v . X 


(b.) 0,1 

(c.) -1,1 

(d.) -1, 0,1 


(a.)y 2 (2- C V) = C V . \ 

(b.)/ 2 (2+cV)=cV 

(c.) y ,2 (l-c 2 x 2 )-cV 

(d.) None of these 

The Euler’s equation for the variational 
problem: Minimize 

1 

1 [y (■*)]=J ( 2x -*y - y ’) t < dx . is 

0 

(a.) 2y"~y=2 
(b.) 2/'+y = 2 
(c.) y"+2_y = 0 
(d.) 2y"-y = 0 

The extremal of the functional 

i ( a') 

Uy + x2 +^~ dx,y(0) = 0,y(l) = 0 is 


-35. The extremum for the variational problem 


^{y'f + 2yy'~\ey 2 ]dx,y(Q,)^, = 


occurs for the curve 
(a.) y = sin(4x) 

(b.) y = ^sin(2x) 

(c.) y = l-cos(4x) 

zj \ l-cos(8x) 
(d.) y = - —~ 


36. The 


functional 


(a.) 4(x 2 -x) 
(b.) 3 {x 2 - xj 
(c.) 2(x 2 -x) 
(d.) jc 2 -jc 


Io( 1 + x )(> ; ') 2 ^>t(0)=0>t( 1) =: 1» bas 

(a.) strong maxima 
(b.) strong minima 

(c.) weak maxima but NOT a strong maxima 
(d.) weak minima but NOT a strong minima 
37. Let I be the functional defined by 

r(j-W)= J 2 |(f) 2 ->’ 2 |*^( 0 )= 0 - 

y(jt/2) = l where the unknown function 
y(x) possesses two derivatives everywhere 
in (0 ,jc/ 2). Then 
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(a.) The functional has an extremum which 
cannot be achieved in the class of 
continuous functions 

(b.) The corresponding Euler’s equation does 
not have a unique solution satisfying the 
given boundary conditions 
(c.) I is not linear 
(d.) I is linear 

38. Let /(y(x)) = jF^x,y,^j<fx, satisfying 

y(0) = 0, y(l)-l, where F has continuous 
second order derivatives with respect to its 
arguments and the unknown function y(x) 
possess two derivatives every where in (0,1). 


If the function F depends only on x and —, \ 

dx iL 

i ^ \ 's4j 

then the Euler’s equation is an'■'ordinary -... \ \ 
differential equation in y which, in general, is \ ~ 

(a.) First order linear ^ \ \ 

(b.) First order nonlinear . \("” 

(c.) Second order linear \ S'— 

(d.) Second order nonlinear 



The extremals for the functional 
v M*)]=0 xy’+y' 2 j<£t are given by the 
following family of curves: 


(a .) y = c l + c 2 x+ — 
4 


(b.) y = 1 + qx + c 2 


y = q + x + c 2 




q + qx<^ 


\( 2 > 

39. The functional /(y(r)) = f y + dx \ 

nl dxi 


defined on the set of functions C 2 ([0,l]) 
satisfying y (0) = 1, y (l) = 1, ^j = 0 


= -l has 


(a.) Only one extremal 
(b.) Exactly two extremals 
(c.) Infinite number of extremals 
(d.)No extremals 

40. The extremum of the functional 


/= f W yllxy 

//v 


satisfying the 


conditions y(0) = 0 and y(l) = l is attained 

on the curve 

, . . 2 rcc 

(a.) v = sin — 

2 

(b.) y = siny 
(c.) y = x 3 


... i r 3 . jcc 

(d.) y = — x +sin— 

2\_ 2 J 


v^2fy\.Extremals for the variational problem 
— v[y(x)] = (t 2 +x 2 y' 2 jdx satisfy the 

differential equation 
L (a.) x 2 y"+2xy'-y = 0 

(b.) x 2 y"-2xy'+y = 0 
(c.) 2xy'~y-0 

(d.) x 2 y"-y- 0 

43. The functional 

v [t(*)]=J [( y''f + 6 x y +* 3 ]*> 

o L 

y(0) = 0, y(2) = 2 can be extremized on the 
curve 
(a.) y=x 

(b.) 2y = x 3 
(c.) y = x 3 - 6x 
(d.) 2y = x 3 - 2x 

44. Extremals y = y(x) for the variational 

1 

problem v[y(x)] = J(y+ y') 2 <£c satisfy the 
0 

differential equation 
(a.) y"+ y = 0 
(b.) y"-y = 0 
(c.) y"+y' = 0 
(d.)y'+y = 0 
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external 


functional 


I [y( x )]=C F [ x ^y^j dx ^y{ a )=y^y{ b )= 

satisfies Euler’s equation, which in general 
(a.) Is a second order linear ordinary 
differential equation (ODE) 

(b.) Is a nonlinear ODE of order greater than 
two 

(c.) Admits a unique solution satisfying the 
conditions y(a) = y^,y{b) = y 2 

(d.) May not admit a solution satisfying the 
conditions y(a) = y\,y{p) = yi 

Suppose that among all continuously 
differentiable functions y(x),xeE with 

y(0) = 0 and y(l) = -^, the function 


To(*) 


minimizes 


functional 


^ + (l + y)y]dx. Then y 0 ~ is 


47. Let y = y(x) be the extremal of the functional 





Subject to the condition that the left end of 
\ the extremal moves along y - x , while the 

A \ 

\ ''right end moves along x-y = 5. Then the 

\\ 

\ \(a>) Shoites distance between the parabola 

. .19V2. 

'■ and the straight line is (-). 


(b.) Slope of the extremal at (x,y) is(-—). 


equal to 

( a .)0 


(c.) Point ,0J lies on the extremal. 

(d.) Extremal is orthogonal to the curve 
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